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Abstract 

We establish an interesting connection between Morin singularities 
and stable homotopy groups of spheres. We apply this connection to 
computations of cobordism groups of certain singular maps. The differ¬ 
entials of the spectral sequence computing these cobordism groups are 
given by the composition multiplication in the ring of stable homotopy 
groups of spheres. 


§1 Introduction 

We are considering locally stable smooth maps of n-dimensional manifolds 
into (n + l)-dimensional manifolds with the simplest, corank 1 singularities 
(those where the rank of the differential map is at most 1 less than the 
maximum possible). These singularities, called Morin singularities, form 
a single infinite family, with members denoted by symbols E° (nonsingular 

points), E 1,0 (fold points), E 1,1 ’ 0 = E l2 (cusp points), ...,E ’ = E 1 ’, ... 

(see M)- A map that only has singularities Eb with j < r is called a E lr - 
map, and we are interested in calculating the cobordism groups of such maps. 
Two E lr -maps with the same target manifold P are (E lr -)cobordant if there 
exists a E lr -map from another manifold with boundary into P x [0,1] whose 
boundary is the disjoint union of those two maps. Unless specified otherwise 
maps between manifolds will be assumed to be cooriented (equipped with 
an orientation of the virtual normal bundle), Morin and of codimension 1 
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(that is, the dimension of the target is 1 greater than the dimension of the 
source). 

The cobordism group of fold maps of oriented n-manifolds into M n+1 - 
denoted by Cob' 5O S 1,0 (n+l) - was computed in [Sz5] completely, while that 
of cusp maps, Cob so S 1 ’ 1,0 (n + 1), only modulo 2- and 3-torsion0 Here we 
compute the 3-torsion part (up to a group extension). We shall also consider 
a subclass of such maps, the so-called prim (projection of immersion) cusp 
maps. These are the cusp maps with trivial and trivialized kernel bundle 
of the differential over the set of singular points. The cobordism group of 
prim fold and cusp maps of oriented n-manifolds to M n+1 will be denoted by 
Prim 50 £ 1,0 (n + 1) and Prim 5O H 1,1,0 (n + 1) respectively. We shall compute 
these groups up to a group extension, and in the case of cusp maps up to 
2-primary torsion. 


§2 Notation and formulation of the result 

We shall denote by 7r s (n) the nth stem, that is, 

ir s (n) = lim n n+q (S q ). 

q—>oo 

Denote by Q the direct sum 0 n s (n). Recall that Q is a ring, with mul- 

n 

tiplication o defined by the composition (see [To]). This product is skew 
commutative: for homogeneous elements x and y of Q 

x o y = (-l) dimx - Aim y y o x. 

Recall that 7 t s ( 3 ) = Z 3 © Zs; the standard notation for the generator of 
the Z3 part is (i \. By a slight abuse of notation we shall also denote by 
an the group homomorphism of Q defined by left multiplication by an, i.e. 
oti{g ) = ai o g for any g 6 Q. 

To formulate our results more compactly, we use the language of Serre 
classes of abelian groups [Si]. In particular, we will denote by C 2 the class 
of finite 2-torsion groups and C{ 23 }. will denote the class of finite groups 
of order a product of powers of 2 and 3. Given a Serre class (£, we call a 
homomorphism f : A ^ B a (^-isomorphism if both ker / G £ and Coker / 6 
£. Two groups are considered to be isomorphic modulo £ (denoted by =) 

if there exists a chain of (^-isomorphisms that connects them. For example, 


1 Tliese groups were denoted in lSz5) by Cob£ 1,0 (n) and CobE 1,1 (n), respectively. 
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isomorphism modulo C{ 2 , 3 } is isomorphism modulo the 2-primary and 3- 


primary torsions. A complex ... ^4 C m -? ... of maps is called C-exact if 
both irn {d m o d m+ 1 ) and ker d m /(ker d m n im d rn+ \ ) belong to <£ for all m. 

Theorem 1. There is a C 2 -exact sequence 

0 -4 Coker (a\ : ir s (n — 3) — > vr s (n)) -4 Cob s, °S 1 ’ 1,0 (n + 1) —> 

-4 ker(ai : 7r s (n — 4) -4 n s (n — 1)) -4 0. 

Remark. Recall that in jSz5) it was shown that 

Cob so £ u ’ 0 (n + 1) =* n s (n) © 7r s (n — 4) 

C{2,3} 


(in particular Cob‘ s ' o 5] 1 ’ 1 ’ 0 (n + 1) is finite unless n = 0 or n = 4, when its 
rank is 1 ). Since aq is a homomorphism of order 3, Theoremnlis compatible 
with this result and determines the 3-prinrary part of Cob 5 t 7 S 1,1 (n + 1) up 
to a group extension. 


Remark. Recall ((To, Chapter XIV]) the first few groups n s (n ) and the 
standard names of the generators of the 3-primary components (with the 
exception of 0 : 3 , which is denoted by c / 3 in [To]): 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

7 r s (n) 

Z 

Z 2 

Z 2 

Z 24 

0 

0 

Z 2 

^240 


"zT 

Zq 

Z 56 X Z 9 

(n s (n)) 3 

z 



Z 3 (ai) 




^ 3 ( 0 : 2 ) 



MPi) 

Z 9 (a 3 ) 


Here and 

G, omitting the parentheses when this does not cause confusion. 

For n < 11 the only occasion when the homomorphism a\ is non-trivial 
on the 3-primary part is the epimorphism 7 r s ( 0 ) -4 7 t s ( 3 ) (the homomor¬ 
phism tt s (7) -4 tt s (10) is trivial modulo 3 as a consequence of [Tbl Lemma 
13.8.] and the fact that ( 7 t s ( 10))3 = Z 3 ). Hence (Cob s, °X 1,1,0 (n + 1 )) 3 fits 
into the short exact sequence 0 -4 (ir s (n )) 3 -4 (Cob 50 S 1 ’ 1 >°(n + 1)) 3 -4 
(7 r s (n — 4)) 3 -4 0 for n <11 / 3. 


§3 Elements of stable homotopy groups of spheres 
arising from singularities 

§3.1 Representing elements of Q 

The following is a well-known corollary of the combination of the Pontryagin- 
Thom isomorphism and the Smale-Hirsch immersion theory: 

2 the quotient by the subgroup of torsion elements with orders coprime to 3 
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Fact 1. The cobordism group of framed immersions of n-manifolds into 
R n+k is isomorphic to ir s (n) for any k > 1. 

An equivalent formulation is the following: 

Fact 2. The cobordism group of pairs ( M n ,F), where M n is a stably paral- 
lelizable n-manifold and F is a trivialization of its stable normal bundle is 
isomorphic to n s (n). 

These Facts follow from the so-called (Multi-)Compression Theorem: 

Theorem 2 M fSj i. a) Given an embedding i : M m <->• M n xR k of a com¬ 
pact manifold M (possibly with boundary) equipped with k linearly inde¬ 
pendent normal vector fields v\, ..., Vk, such that n > m, there is an 
isotopy ofR n x R k such that 4>o is the identity and d<&\(vj) is parallel 
to the j th coordinate vector ej of R k . 

The same statement remains true if n = m and each component of M is 
a compact manifold with non-empty boundary. 

b) If some of the vector fields v\, ..., Vk were already parallel to the corre¬ 
sponding vectors ei, ..., e*,, then the isotopy can be chosen to keep 
the corresponding coordinates ofR k fixed. 

c) The isotopy 4> can be chosen in such a way that for any point p E M and 

any time to E [0,1] the tangent vector of the curve t H > 4 > t(i(p)) at the 
point 3>t 0 (i(p)) will not be tangent to the manifold 4>t 0 (i(M)). That is, 
the map M x [0,1] —> x defined by the formula ( p,t ) (->• 

is an immersion. 

d) (relative version) Let L be a compact subset of M such that the vector 
fields v\, ..., Vk are already parallel to ei, ..., e^ on L. Then the isotopy 
4? can be chosen to keep the vector fields v\, ..., Vk on L parallel to ei, 

... , ek at all times. 

The part c) of the theorem is not stated explicitly in [RS] . In Appendix 3 we 
give a proof of the theorem with emphasis on part c) and some simplifications 
in the case k = 1. 

Before formulating a corollary that we shall use, note that given an 
immersion i : M m M n x with k independent normal vector fields 
v\, ..., Vk, one can consider an extension of i to M x D( for a small fc-disc 
D g = {(?/i,..., yk) '-J2yj< £ } f° r any sufficiently small positive e: 


i : M x h £ fc h M" x R k 
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k 

(p, vu ■ ■ ■, yk) ^ i(p) + ^2 yo v M 

3 = 1 

Corollary. Given an immersion i : M m S-+ M n xK fe of a compact manifold 
M with k independent normal vector fields v\, ..., vfor which either m < 
n, or m = n and M has no closed components, there is a regular homotopy 
<f> t : M x Dft M n x M fc such that 

• $0 = i; 

• d§\(vj) is parallel to the jth coordinate vector e ? ofM. k ; 

• the image of&t on MxD k is an immersion of the cylinder (M x D k ^j x 
[0,1] into M n x M fc . 

Proof. Lift i to an embedding i : M x D* M n xl k x M. N , adding normal 
vectors u\, un parallel to the coordinate vectors of M. N . Applying 
Theorem [2j to i we obtain an isotopy <Lf that does not change the last N 
coordinates and whose image on i(M x D^) is an immersion of (M X Df?) x 
[0,1]. Then the projection of the isotopy ^>* 0 * to M n x M. k yields the required 
regular homotopy. □ 

§3.2 Framed immersions on the boundary of a singularity 

We outline a connection between singularities and stable homotopy groups 
of spheres. Namely, we define elements of Q that describe incidences of the 
images of singularity strata. 

We use the notation df to denote the link of a map / : M a —> M. b , 
that is, the restriction of / to the preimage f~ 1 (S b ~ 1 ) of some sufficiently 
small sphere S C M 6 centered at the origin. Later, we denote the same 
way the restriction of a map g : (M, dM) —> (P , dP) to the boundary: 
dg = g\dM '■ dM —> dP. This notation is consistent with the notion of a link 
in the sense that the link of / : M a —> is the map dg, where g : D a —> D b 
is the restriction of / to the preimage D a of a sufficiently small ball D b in 
the target. 

Example 1: Let us consider the Whitney umbrella map 
o\ : M 2 —> M 3 , <7i(i, x) = (t, tx, x 2 ). 

(the normal form of an isolated £ 1,0 -point). The preimage of the unit 2- 
sphere S 2 C I 3 is a closed curve (jj“ 1 (S' 2 ) C M 2 . The restriction of o\ to this 
curve - the link of the map o\ - is an immersion. The image cti(o' 1 ( 1 (S' 2 )) is 
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an immersed curve in S 2 with a single double point. The orientations of M 2 
and M 3 give a coorientation on this curve. Hence this curve can be equipped 
with a normal vector in S 2 and with an additional normal vector to S 2 in 
M 3 , resulting in an immersed framed curve in M 3 ; this represents an element 
of vr s (l) that we shall denote by d 1 a\. It is easy to see that d l a\ 7 ^ 0 (since 
this immersed curve in S 2 has a single double point). Using the standard 
notation 77 for the generator of 7r s (l) = Z 2 , we get that d l cr\ = 7 . 

Example 2: Let us consider the normal form of a map with an isolated 
cusp-point at the origin 

a 2 : M 4 -> M 5 

(tl,t 2 ,t 3 ,x) (tl,t 2 ,t 3 ,Zl,Z 2 ) 

Z\ = t\X + t 2 x 2 
Z 2 = hx + x 3 


The link of this map is its restriction to cr^ 1 (S' 4 ), where S’ 4 is the unit sphere 
in M 5 . Note that the 3-manifold cr^ 1 (S' 4 ), which we shall denote by L 3 , is 
diffeomorphic to S 3 . The link map da 2 = a 2 \ L 3 : L 3 —y S 4 is a fold map, it 
has only E 1,0 singularities along a closed curve 7 . The image of this curve 
7 in S' 4 has a canonical framing. Indeed, the map a 2 can be lifted to an 
embedding d 2 : M 4 M 6 , cr 2 (ti,t 2 ,t 3 ,x) = (cr 2 (ti,t 2 ,t 3 ,x),x) such that 
the composition of d 2 with the projection M 6 —> M 5 is a 2 . Hence the two 
preimages of any double point of 07 near the singularity curve a 2 ( 7 ) have an 
ordering and so one gets two of the normal framing vectors on the singularity 
curve 0 - 2 ( 7 ). I n order to get the third framing vector we note that 0 - 2 ( 7 ) is 
the boundary of the surface formed by the double points of da 2 in S 4 . The 
inward-pointing normal vector along 0 - 2 ( 7 ) °f this surface will be the third 
framing vector. (In Appendix 2 we shall describe the framing that arises 
naturally on the image of the top singularity stratum of a map obtained as 
a generic projection of an immersion.) The curve 0 - 2 ( 7 ) with this framing 
represents an element in 7 r s (1) that we denote by d 1 ^). We shall show that 
£^( 02 ) = 0 (see Lemma [ 3 ] and Appendix 1). 

In the present situation we can construct one more element associated to 
0-2 in a quotient group of Q, which we shall denote by d 2 (a 2 ). We construct 
this element (after making some choices) in 7 r s ( 3 ) = Z 24 but it will be 
well-defined only in the quotient group Z 24 /Z 2 . The definition of d 2 (a 2 ) 
is the following. By a result of |Sz4| (that we shall recall in §5, see also 


[ej) a framed cobordism of the embedded singularity curve 0 - 2 ( 7 ) can be 
extended to a cobordism of the link map da 2 : L 3 — > 5 4 . In particular, 
since the (framed) curve 0 - 2 ( 7 ) is (framed) null-cobordant, the link map da 2 
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is fold-cobordant to an (oriented) immersion. That is, there is a compact 
oriented 4-manifold W 4 such that dW 4 = L 3 U V 3 and there is a £ 1,0 -map 
C : (IT 4 , L 3 , V 3 ) —t (S 4 X [0,1], S' 4 X {0}, S 4 x {1}) such that the restriction 
C |L3 : L 3 —> S 4 x {0} is 802 and the restriction C\y3 : V 3 —> S 4 x {1} is an 
immersion, which we denote by d '02 ■ It represents an element in vr s (3) and 
its image in 7r s (3)/Z2 is independent of the choice of C (as detailed in the 
description of d 2 in subsection §5.2). The obtained element in 7 t s ( 3)/Z2 is 


d 2 { 02 ). 

For future reference we introduce the notation for the map 


= u 2 U C : D 4 U W 4 ->■ D\ = D 5 

4 L 3 


u s' 

S 4 x {0} 


x [0,1]. 


This definition makes sense since the maps C and oo coincide on the common 
part L 3 of their source manifolds, and it is easy to see that the gluing 
can be performed to make smooth. Note that do\ is the immersion 
T 3 S-+ S 4 x {1}. 

We shall show that the stable homotopy group elements d 1 (cri), d 1 ^), 
the coset d?{o 2 ) and other analogously defined objects can be computed 
from a spectral sequence associated to the classifying spaces of singulari¬ 
ties (d 1 and d 2 are in fact differentials of this spectral sequence). Next we 
shall describe these classifying spaces and the spectral sequence, first for the 
simpler case of prim maps. 


§4 Classifying spaces of cobordisms of singular maps 

Definition. A smooth map / : M n — > P n+k is called a prim map (prim 
stands for the abbreviation of projected immersion) if 

1) it is the composition of an immersion g : M P x R 1 and the projection 
Pp : P x M 1 — y P, and 

2) an orientation is given on the kernels of the differential of / that agrees 
with the orientation pulled back from M 1 via the composition p® o g, 
where p® : P x M 1 —> R 1 is the projection. 

For maps between manifolds with boundary / : (M,dM) —> (P,dP), we 
shall always require that they should be regular , that is, f~ 4 (dP) = dM 
and the map / in a neighbourhood of dM can be identified with the direct 
product f\oM x *d[o, e ) for a suitable positive e. 
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Remark. Note that for a Morin map the kernels of df form a line bundle 
ker df —?• X(/), where X(/) is the set of singular points of /. The conditions 
1) and 2) ensure that for a prim map this bundle is orientable (trivial) and 
an orientation (trivialization) is chosen (the same map / with a different 
choice of orientation on the kernels is considered to be a different prim 
map). The converse also holds: if a Morin map / : M n — > p n + k is equipped 
with a trivialization of its kernel bundle, then there exists a unique (up to 
regular homotopy) immersion g : M P X M 1 such that / = pp o g, where 
Pp : P x R 1 —y P is the projection and the trivialization of the kernel bundle 
is the same as the one defined by the projection to M 1 . 


Notation. The cobordism group of all prim maps of n-dimensional oriented 
manifolds into will be denoted by Print 50 (n + 1). The analogous 

cobordism group of prim maps having only (at most) X 1,0 -singular points 
(i.e. both the maps and the cobordisms between them are prim fold maps) 
will be denoted by Prim 5O X 1,0 (n + 1); that of prim cusp maps will be 
denoted by Prim 5O X 1,1,0 (n + 1); and that of prim X^-maps will be denoted 
by Prim‘ s< ^ , S li (n + 1). 


One can define cobordism sets of prim X 1,0 and X 1,1,0 (cooriented) maps 
of n-manifolds in arbitrary fixed (n+ l)-dimensional manifold P n+1 (instead 
of M n+1 ). The obtained sets we denote by Prim 5O X 1,0 (P) and 
Prim 5O X 1,1,0 (P), respectively]^] 

Definition. If /o : Mq — > P n + k and f\ : M™ — > p n + k are two regular 
prim X 1, ( 1 ’l°-maps of the oriented n-manifolds AIq and Mf to the oriented 
manifold P n+k t then a cobordism between them is a regular prim X 1 ^ 1 ’) 0 
map F : W n+l —> P x [0,1], where IP is a compact oriented (n + 1)- 
manifold such that dW = Mq U F^ 1 (dP x [0,1]) U (—Mi), F\m 0 = fo 

8Mq dMi 

and F\ Ml = fi- Note that both the domain IP and the target P x [0,1] of 
F may have “corners”: 8 Mq U dM\ and dP x {0} U dP X {1}, respectively. 
Regularity of F shall mean that near the corners dM$ and dM\ the map 
F has to be the direct product of the maps fo\dM 0 '■ 9Mq —> dP x {0} and 
fi\dMi '■ dM\ — > dP x {1} with the identity map of [0, e) x [0, e). 


3 These sets carry a natural abelian group structure, but we do not use this fact here. 
In ISz4l , Remark 8] the analogous statement for not necessarily prim maps with k = 1 is 
shown and used, with the proof easily adaptable to prim maps. 
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The classifying spaces 

There exist (homotopically unique) spaces XS 1,0 and XS 1,1,0 that represent 
the functors 

P —* Prim so E 1,0 (P) and 
P —> Prim so S 1 ’ 1 ’°(P) 

in the sense of Brown represent ability theorem]^] (see |Sw] ). in particular 

Prim so S 1 >°(P) = [P.XE 1 ' 0 ] and 
Prim SO E 1 ’ 1 ’°(P) = [P, XE 1 ’ 1 ’ 0 ] 

for any compact manifold P (note that Prim‘ 5O E 1,0 (n+l) = Prim 5O E 1,0 (S ,n+1 ) 
and Prim^E 1,1,0 (n + 1) = Prim 5O E 1 ’ 1,0 (5 n+1 )). We call the spaces XS 1,0 
and XE 1,1,0 the classifying spaces for prim fold and prim cusp maps re¬ 
spectively. This type of classifying spaces in a more general setup has been 
explicitly constructed and investigated earlier, see |Sz2] , jSzlj . jRSz] . |Sz4j . 

US- 


Key fibrations 

For any space Y we shall denote by TY the space 

n°° S°°Y = lim WS q Y. 

q—>oo 

A crucial observation in the investigation of these classifying spaces is the 
existence of the so-called key fibrations (see m), which in the present cases 
states that there exist Serre fibrations 

Pj : XE 1 ' -> rP 2 ^' +1 

of XE*j over rS' 2j+1 with fibre XEb- 1 . In particular, we have fibrations 

• p\ : XE 1,0 —> TP 3 of XE 1,0 over TP 3 with fibre T5 1 ; and 

• p 2 : XE 1,1,0 -> TS 5 of XE 1,1,0 over TS 4 5 with fibre XE 1,0 . 

4 In order to apply Brown’s theorem directly, one has to extend these functors to arbi¬ 

trary simplicial complexes (not only manifolds). This is done in ISz4j . 
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§5 The spectral sequences 

§5.1 The first page 

Let us denote by Xj for i = — 1,0,1, 2 the following spaces: 

X-! = point; X 0 = TS 1 -, X x = XS 1 ’ 0 ; X 2 = XE 1 - 1 ’ 0 . 

One can define a spectral sequence with starting page 

■^ij = Tti+j+i (Xi, Xi^ i) , i = 0,1,2, j = 0,1,... 

and differentials dX : —> E r i _ r j +r _ 1 that converges to 7r ra+ i {X 2 ) = 

Prim 5O S 1 ’ 1,0 (n + 1). 

The existence of Serre fibrations described above implies that 
El j ^ir i f j+ 1 (rS 2i+1 ) = n s (j-i). 


§5.2 The geometric meaning of the groups and differentials 
of the spectral sequence 

Let Xj denote the classifying space of prim LP-maps, so that Prim 5 °S li (n+ 
1) = 7r n +i(-Xj). The relative versions of the analogous cobordism groups of 
maps into the halfspace = {(xo, • • • ,x n ) E M n+1 : x 0 > 0} can also 

be introduced and they will be isomorphic to the corresponding relative 
homotopy groups: 


Definition. Let (M n , dM ) be a compact rt-manifold with (possibly empty) 
boundary. Let / : (. M,dM ) —> (M” +1 ,M n ) be a prim S l! -map for which 
f\dM : dM — > M n is a (necessarily prim) E 1 '-map for some j < i. Such a 
map will be called a prim (S 1 *, S lj )-map (recall that we always assume / 
to be regular in the sense of the definition in 


S4). 


If /o and f\ are two prim (S 1 *, Xb)-maps of the oriented n-manifolds 

(Mq, OMq) and (M™,dMi) to (M" +1 ,M n ), then a cobordism between them 

is a map F : {W n+l , dW) —» (M” +1 x [0, l],R n x[0,1]) (where IP is a compact 

oriented (n+l)-manifold) such that dW = Mo U Q n U (—Mi), TImo = /o 

8M 0 8Mi 

and F\ Ml = fi, for which 


a) Q is a cobordism between <9Mo and —dM \; 

b) F\q : Q — > M n X [0,1] is a prim Sb-cobordism between fo\dM 0 '■ dMo — > 
M n x {0} and /i| aMl : dM x ->• M n x {1}; 



Singularities and stable homotopy groups of spheres. I 


11 


c) F is a prim E^-rnap. 

Note that both the domain W and the target M” +1 x [0,1] of F have “cor¬ 
ners”: OMq U dM\ and M" x {0} UK" x {1} respectively. Near the corners 
dMo and dM\ the map F has to be the direct product of the maps fo\oM 0 
and fi\dM! with the identity map of [0,e) x [0,e). 

The cobordism group of prim (E 1 *, E 1 ? )-maps of oriented n-manifolds to 
(K" +1 ,M n ) will be denoted by Prim 5 °(E li , £b')(rc, + 1). 

Analogously to the isomorphism Prim so E li (n + 1) = 7r n+ i(Xj) one ob¬ 
tains the isomorphism 

(t) Prim so (£ li ,£ 1 i)(n + 1) ^ n^X^Xj). 

Remark. Note that Xq = T.? 1 . Indeed, E 1q = E°-maps are non-singular, 
i.e. immersions, and the classifying space for codimension 1 oriented immer¬ 
sions is known to be Tl? 1 (see Fact [I]). 

The hbration p i : Xj —y TS' 2 *" 1-1 with hber Xj_i induces an isomorphism 
of homotopy groups (pj* : 7T n+ i(Xj, Xj_i) ->• 7r n+ i(TS' 2 * +1 ) = n s (n- 2 i). 
The geometric interpretation of this isomorphism is the following: to the 
cobordism class of a prim (E 1; , S ll_1 )-map / : (M,dM) —> (M™ +1 ,M n ) 
the mapping (j ) t )* associates the cobordism class of the framed immersion 
/IS U(f) (the framing is described in Appendix 2). Note that in particu¬ 
lar this description implies that whenever two prim (E 1 *, E li_1 )-maps of 
n-manifolds have framed cobordant images of their E 1 *-points, then they 
represent the same element in Prim 5 °(E li , E li “ 1 )(n + 1). 

Geometric descriptions of d 1 . The differential 

d 1 ■ Ei,j — Ki+j+liXi, Xi-i) —> E i _ 1 j = 7Ti + j(Xi-i, Xi_2) 

is simply the boundary homomorphism d in the homotopy exact sequence 
of the triple (Xj, Xj_i, Xj_ 2 ). Composing d with the isomorphism (p^)* 
one can see that if / : (. M n ,dM) —» (M” +1 ,M n ) is a prim (E 1 ^ E li ~ 1 )-map 

that represents the cobordism class [/] = u E 7r n+ i(Xj,Xj_i) = i£j re _j = 
7r s (n — 2 i), then d l (u) E 7r s ((n — 1) — 2(i — 1)) = n s (n — 2 i +1) is represented 
by the framed immersion /ls li - 1 (/| aA/ ) 

There is an alternative description of d 1 that we shall use later as well. 
Let u E 7r n _|_i(Xj, Xj_i) and / be a representative of u as above, and let 
T and T be the (immersed) tubular neighbourhoods of the top singularity 


12 


Cs. Nagy, A. Szucs and T. Terpai 


strata X 1 ^/) and / (X 1 ^/)) in M and M" +1 , respectively, with the property 
that /|t maps (T,dT) to (T,df). Now / lsi*_i(/| aT ) : sli_1 (/l &r) dT is a 
framed immersion into dT. Note that the normal framing of / (X 1 * -1 (/|#r)) 
inside dT defines a framing of the stable normal bundle of / (X 1 * -1 (f\or)) 
because adding the unique outward-pointing normal vector of dT in M/ +1 
one obtains a normal framing in M™ +1 . Hence / (X li_1 (f\dr)) with the 
given framing represents an element of vr s (n — 2 i + 1 ); this element is df(u). 
The fact that these two descriptions of d 1 (u) yield the same element in 
Ti s (n — 2 i + 1) follows from the fact that / ^X li_1 ^/| M \f)) a f rame d 
immersed cobordism between the two representatives (here we use Fact [2j. 

This alternative description of d 1 actually generalizes to the higher dif¬ 
ferentials as well (even though here we only consider d l and d 2 ; in m we 
utilize this fact for d r with greater r as well). 

Geometric description of d 2 . Turning to the differential d? , we first 
give a homotopic description (an expansion of the definition, in fact). Let 

u E 7r s (n —4) = ir n+ i(X 2 , X\) = E 2 n _2 be an element such that d l (u) = 0. 

—2 

Then u represents an element of the page E as well (no differential is 
going into the groups E 2 *)- The class d 2 (u) E E Qn _ 1 is defined utilizing 
the boundary homomorphism d : ir n+ i{X 2 , X\) —> ir n (Xx) as follows: since 
d 1 (u) = 0, the class du E 7r n (A'i) vanishes when considered in TT n (Xi, Xq). 
Hence there is a class y in 7r n (Xo) whose image in Ti n {X \) is du. The class 
y is not unique, but the coset 

[y\ G ir n (X 0 )/im ( d' : 7T n+1 (Xi, X 0 ) n n (X 0 )) = Eq^ 

is unique. By definition d 2 {u) = [y\. 

Geometrically, if / : (M, dM) —> (M” + 1 ,M n ) represents the class u E 
7 r n+ i(X 2 , A'i), then d}(u) = 0 means that /|sn° (df) '■ ^ 1,0 (^/) —> M n is a 
null-cobordant framed immersion (recall that here df is the restriction /\om 
and is a prim fold map). This means that the classifying map S n —>• X\ of df 
becomes null-homotopic after being composed with p 1 , hence the classifying 
map itself can be deformed into the fiber Xq. Since homotopy classes of maps 
into Xq correspond to cobordism classes of immersions, this deformation 
gives a (prim X 1,0 -)cobordism between the prim X 1,0 -map df : dM —> M n 
and an immersion that we will denote by g. The immersion g is not unique, 
not even its framed cobordism class [ 5 ] E ir s (n — 1) is, but its coset in 
TT s (n — 1)/im d l is well-defined. This coset is d 2 (u). 
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Claim 1. For any u £ ir s (n) 

a) d l,n+2( u ) = 4, 2 (° 2 ) o u and d\ n+l {u) = o u 

b) 4 n + 2 ( u ) represented by d 2 2 (ct 2 ) ° u whenever u £ ker d\ n+2 . 

Note that in order for statement b ) to make sense, we need to show that: 

• the ambiguity of d 2 2 (^ 2 ) 0 u, which is (imd} 3 ) o n s (n), is contained 
in the ambiguity of d 2 n+ 2 {u), which is im d j n+3 . This holds by the 
second part of statement a): we have 

imdj 3 = imdj; x o 7 t s (2) 


and 

imdj; i3 o7r s (n) = imdj 1 o7r s (2) oir s (n) C imd\ 1 o7r s (n + 2) = imdj n+ 3 - 

• 4 2 (u 2 ) is meaningful, that is, d\ 2 {o 2 ) = 0. This is shown later in 
Lemma [3j 

Proof. First we need a description of the composition product in the lan¬ 
guage of Pontryagin’s framed embedded manifolds. 

Given a £ 7r s (m), /3 £ 7r s (n) let ( M m ,U p ) and ( 'N n ,V m+p ) be repre¬ 
sentatives of a and f3 , where M, N are manifolds of dimensions m and n 
immersed to M m+P and respectively, U p and V m+P are their fram¬ 

ings: U p = (u\,... ,u p ); V m+P = (ui,..., v m +p), where Ui,Vj are linearly 
independent normal vector fields to M and N. These framings identify 
open tubular neighbourhoods of M and N with M x R p and N x M m+P . 

Put the framed immersed submanifold (M, U) of M ,n+P into each fiber 
of the tubular neighbourhood N x We obtain N x M as a framed 

immersed manifold in j^ n + m +P. This is the representative of a o (5. 

Now we come to the proof of the first part of Claim [TJa.) ; the proof of 
the second part is completely analogous. Let u be an element in 7r s (n) = 
7r n+5 (X 2 ,Xi) and let / : (M n+4 ,<9M) -+ (M^+ 5 , M n+4 ) be a prim (S l2 , S 11 )- 
map that represents a cobordism class corresponding to u. The boundary 
of / is the prim fold map df = f \ dM ■ dM -+ M n+4 . Let S 1,0 (3/) be the 
manifold of fold points of df, and df (S 1,0 (5/)) be its image. Each normal 
fiber of E 1,0 (9/) in dM is M 2 , and it is mapped by df to the corresponding 
normal fiber M 3 of df (E 1,0 (9/)) in M n+4 by the Whitney umbrella map 0 +, 
hence df (E 1,0 (9/)) has a natural framing (see Appendix 2). Then d 4 (u) is 
represented by this framed manifold df (E 1,0 ((9/)). 
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Next we construct another representative of d 4 (u) using the alternative 
description of d 1 . Choose small tubular neighbourhoods T and T of 
in M and of / (E 1,1,0 (/)) in M™ +5 , respectively. T is immersed into M™ +5 , 
it is a Z> 5 -bundle over E 1,1,0 (/). Recall that / restricted to S 1,1 >°(/) is 
an immersion. For simplicity of the description we suppose that it is an 
embedding. We choose these tubular neighbourhoods T and T so that / 
maps T to T and dT to dT. Now the map f\ dT : dT — > dT is a fold 
map. Its singularity is a framed manifold clearly representing d 4 {a 2 )°u. By 
the two alternative descriptions of d 1 the framed manifold <9/(E 1,0 (<9/)) (a 
representative of d 4 (u)) represents the same framed cobordism class as the 
singularity of the fold map f \qt : dT —> dT. Hence d 4 (u) = d 1 ^) o u. 

The proof of b ) is very similar. As before, for simplicity of the descrip¬ 
tion of d 2 we suppose that /| s i,i,o(/) is an embedding rather than an im¬ 


mersion. Let T and T as above be the tubular neighbourhoods of E 1,1,0 (/) 
and / (E 1,1,0 (/)) respectively. Note that (as shown in Appendix 2) T = 
E 1 - 1 -^/) xD\T = f (E 1 ’ 1 ’°(/)) x D 5 and the map f\ T : (T, dT) -> (T, dT) 
is the product map (/|s 1 . 1 ’°(/)) x cr 2 - 


Recall that in 


13.2 


is an immersion W 
map 


I?2 suc h that da^ 


we defined a map : D 4 U W 4 
S 4 = dD^ that represents d 2 {(j 2 ). Now we define a 


f = /| S m,o (/) x ^ : E 1 * 1 >°(/ ) x (d 4 U IT 4 ) ^ / (E 1 - 1 - 0 (/)) x D\ 


We will denote by T 2 the source manifold of f* and by T 2 the target manifold, 
which is an enlarged tubular neighbourhood of / (E 1,1,0 (/)) in M”+ 5 . Then 
df* : dTo = E 1,1 ’°(/) xb 3 -> dT 2 = / (E 1,1 ’°(J)^ x S 4 x {1} is an immersion 
that represents d 2 {a 2 ) o u. 

We claim that this immersion can be extended to a proper, regular cusp 
map f* (of some compact (n + 4)-manifold with boundary) into the entire 
M” +5 without changing the singular set. Indeed, the source manifold of df* 
has dimension n+3, hence the image of df* is an (n+3)-dimensional compact 
complex (denote it by K ), and it can be covered by a small neighbourhood 
U in dT 2 of K whose closure U is a compact manifold with non-empty 
boundary. By Theorem [ 2 J there exists a deformation of U (equipped with 
the outward-pointing normal vector field) within with time derivative 

nowhere tangent to the image of U that takes U into M n+4 = cMT 1 " 5 (and 
the normal vector field into the outward-pointing vector field of M n+4 ). The 
trace of this deformation glued along df* to f* gives an extension f* whose 
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set of cusp points is the same as that of f* and in particular represents u in 

a. _ 

This construction combined with Fact [ 2 ] shows that df* and df* are 
cobordant as framed immersions and therefore represent the same element in 
Q\ the statement b ) follows since df* represents d 2 ( 02)011 and df* represents 
d 2 (u). 0 


§5.3 Calculation of the first page of the spectral sequence 
for prim maps 


Recall that 







3 

d\ 

Z24 •<- 

- z 2 

Z2 


2 

d\ 
Z 2 ^ 

2 ^2 
-z 2 ^ 

0 

- z 


1 

d] 

Z 2 4 - 

- z 



.7 = 0 

Z 





i = 0 

1 

2 



T'jj — ii Xi—l) 

= 7r i+j+1 (TS 2i+1 ) = n s (j - i). 

Hence on the diagonal j = i we 
have 7 r s (0) = Z with generator i t 
in E i j represented by the map o t : 
(D 2 \ S 2l - V ) -)■ (D 2i+1 , S 2i ) that has an 
isolated S 1 * singularity at the origin. 
On the line j = i + t we have 7r s (t). 


The value of d\ 1 (ti) is nothing else but [do\[ = 77 G 7 r s (l) = Z2. 

By Claim PH we have d\ 2 (r]) = °^i 1 (^-l) 077 = 770777^0 in 7 r s ( 2 ) (here 
and later we refer the reader to fib , Chapter XIV] for the information that 
we need about the composition product). Hence d\ 2 is an isomorphism and 
it follows that d\ 2 is zero (since d\ 2 ° d\ 2 = 0). In particular, we have 
obtained the following lemma: 

Lemma 3. The class df(i 2), represented by the image 0-2(7) °f the fold sin¬ 
gularity curve on the boundary of the isolated cusp 02 : M 4 —> M 5 , vanishes. 

In Appendix 1 we give an independent, elementary proof for this state¬ 
ment. 

—2 —2 

§5.4 The second page (ETjd^) for prim maps 

The differential d\ 3 : Z2 — > Z24 maps the generator 77077 of 7 t s ( 2 ) to d\ 1 (ti)o 
77077 = 77077077 and that is not zero (Ha Theorem 14.1]). Hence the group 
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Eq t , is ^24/^2 = ^ 12 - 







3 

^12 

0 

\ ^2,2 

? 


2 

0 

0 

^z 


1 

0 

z 



= 0 

z 





i = 0 

1 

2 



Now we compute the differential d 2 2 : Z —> Z 12 . Note that this is 
precisely the computation of the cobordism class of the framed immersion 
d'02 of the 3-manifold V 3 considered in Example 2 in 

_2 

Lemma 4. d 22 ■ ^ Z 12 maps the generator i 2 of E 2 2 — Z into an 

element of order 6 . 

Proof. E\ 2 9* 7r 5 (X 2 ,Xi) = 7r 5 (TS 5 ) = tt|(5 5 ) = Z. Since 4, 2 : E \.i 
2 is identically zero, E 22 = e\ 2 . 

Consider the following commutative diagram with exact row and column: 



7T4(X 0 )/im 4 7T 4 (Xo)) 





The generator t 2 of 7rs(X 2 ,Xi) = Z is represented by the cusp map c 2 : 
(D 4 ,L 3 ) —>• (H 5 ,5 4 ) (using the notation of Example 2). Simple diagram 
chasing shows that the order of d 2 (/ 2 ) is equal to the order of Coker tp. The 
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latter is the minimal positive algebraic number of cusp points of prim cusp 
maps of oriented closed 4-manifolds into M 5 . Indeed, g> assigns to the class of 
a map / : M 4 —> M 5 the algebraic number of its cusp points. This minimal 
number of cusps is known to be 6, see |Sz3( Theorem 4]. 

□ 


Applying Claim [T] b) we immediately get: 

Corollary. On the 3-torsion part, the differential d 2 , 2 acts as the homo¬ 


morphism a\ (as defined in § 2 ) up to sign. 


§5.5 Computation of the cobordism group of prim fold maps 
of oriented n-manifolds to M n+1 

Theorem 5. a) Prim 5O S 1,0 (n + 1) = 7r s (n) © tt s (n — 2). 

Ci 

b) Prim so S 1,1,0 (n + 1) = ir s (n) © 7r s (n — 2) © 7 r s (n — 4). 

C { 2.3> 

Proof. We have seen that the spectral sequences computing Prim 5O S 1,0 (n + 
1) and Prim 5O S 1,1 ’ 0 (n + 1) degenerate modulo C 2 and modulo C{ 2 , 3 } respec¬ 
tively, because d\ n+1 is multiplication by the order 2 element rj and d 2 n+2 
is multiplication by an element of order 6. 

The fact that the cobordism groups Prim 5O S 1,0 (n + 1) and 
Prim so S 1,1,0 (n+l) are direct sums (modulo 2- and 3-primary torsion parts) 
can be shown in the same way as in [Sz5l Theorem B]. Namely, the homotopy 
exact sequence of the fibration p 1 : {X\, Xq) —> TS 13 

7T n+ l(X 0 ) -> TT n+1 {Xr) TT n+1 (T5 3 ) 

has a 2-splitting s , that is, there is a homomorphism s : 7 r n+ i(TS 3 ) —> 
7r n+ i(Xi) such that (7q)* o s is the multiplication by 2. The construction of 
s goes as follows: choose an immersion S 2 M 4 with normal Euler number 
2. Then its generic projection to M 3 will be a map : S 2 —> M 3 with finitely 
many Whitney umbrella points that inherit a sign from the orientation of the 
kernel bundle, and the algebraic number of these points will be 2 (see ( SSI 
Proposition 2.5.]). Now choosing any framed immersion q : Q n ~ 2 ©> M n+1 
that represents an element [q] in 7r n _|_i(rS' 3 ) = n s (n — 2), the framing of Q 

defines a prim fold map Q x S 2 ld ^4 QxR 3 P l n+1 . Its class will be s([<7]). 
The existence of the 2-splitting map s implies part a). 

The existence of an analogous 6-splitting of the homotopy exact sequence 
of the fibration p 2 : (X 2 ,Xi) —> TS 5 is shown in [Sz5l Lemma 4], It shows 
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that Prim‘ 5O S 1 ’ 1 ’ 0 (n + 1) = Prim so £ 1,0 (n + 1) © tt s (n — 4) and together 


C {2,3} 


with part a) proves part b). 


□ 


Theorem 6. Let r\ n : n s (n) —> ir s (n + 1) be the homomorphism x H > r/ o x. 
Then the following sequence is exact: 


0 —> Coker ?] n _i —> Prim so £ 1,0 (n + !)—)• ker? 7 n _2 —> 0 


Proof. In the homotopy exact sequence of the pair (Xi,A'o) the boundary 
homomorphism is the differential d\ n+1 , which by Claim jlj a) is just the 
corresponding homomorphism rj n . The statement follows immediately. Q 

Recall that for any abelian group G we denote by (G )3 its 3-prinrary 
part. While Prim‘ 5O S 1 ’ 1,0 (n + 1) is computed by Theorem [H] modulo its 2- 
and 3-primary parts, we can also compute the 3-primary part (up to a group 
extension). 

Theorem 7. The Z-primary part of Prim 5 °E 1,1 ’°(n + 1) fits into the short 
exact sequence 


0 —> (Coker (ot\ : 7r s (n — 3) —> 7r s (n))) 3 © (7r s (n — 2))3 —> 

— > (Prim’ so S 1 ’ 1,0 (n + 1)) 3 -» (ker(ai : 7r s (n — 4) —> ir s (n — 1))) 3 — > 0 


Proof. The spectral sequence j converges to Prim 5O S 1 ’ 1,0 (n + 1) and 
stabilizes at page 3. Recall that on the 3-primary part d? can be identified 
up to sign with the homomorphism aq (Corollary of Lemma [4]). Hence the 

3-primary parts f A of the groups E t J = are the following: 


(^ 0 j) 3 = (Coker (ai : n s (j - 3) -> vr s (j))) 3 



By general properties of spectral sequences it holds that if we define the 
groups 
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= illl (7T n+ l(Xi) ->• TT n+1 (X 2 )) 

Fq )TI = im ( 7 r s (n) —t Prim so S 1 ’ 1 ’°(n + 1)) = 
= im (7T n+1 (X 0 ) ->■ 7Tn+l(X 2 )) 


then 

F 2 ,n/Fu n = E% n _ 2 

Fi, n /F 0tn = ^ n _ 1 

Fo,n = E™ n 

We will show that the exact sequence 

(t) 0 —7- (Po,n)3 ~t {F lin ) a —> (-Pl,n/-Pb,n)3 — * 0 

splits and hence (-Fi, n )3 — (To,n) 3 © (Fi,n/Fo,n)3- Then the exact sequence 
0 —> (Pl,n)3 —> (F 2t n)3 ~> {F 2 , n /F\ yU ) 3 -> 0 
can be written as 

0 —> {Fo,n )3 © (Tl,n/Tb,n)3 —> (F 2 ,n)3 (F 2 , n / Pl,n)3 —> 0, 

and substituting 0 § ives us the statement of Theorem [tJ 

It remains to show that ([f]) splits. Consider the following commutative 
diagram: 


7Tn+l(^o) 


Fo,n — 

7r n +i(^2) 


7Tn+l(^l) 
■v 


7T n + 2(X 2 ,Xl) 

d=d 2,n- 

V 

' 7T n+ l(Xi, Xq) 


pr 


Fyr 


lTn+l(X 2 ) 


F lt n/Fo, r . 


■ ^n+l{X 2 ,Xo) 


Consider the composition map F\ n >—► 7r n+ i(X2) A Tt n +i(X 2 , Xo). Its 
kernel is the intersection kerr n Ci, n ; but ker?’ is the image of 7r n +i(Xo), 
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which is Fq )U . Hence the map r defines uniquely a map j : -Fi,n/-^b,n —> 
■K n+ i{X 2 , Xq). Its image imj is a subset of imi due to the commutativity 
of the right-hand square. 

By Claim [lj in the (exact) rightmost column the map d (which can be 
identified with d\ n _ i) acts on it n+ 2 {Xo, X\) = 717+2 (TS* 5 ) by composition 
from the left by <9[<72], which is zero. Hence the map i is injective. Conse¬ 
quently, the map j can be lifted to a map j : Egn/To,™ —> 7 r n +i(Ai, Xq ) and 
composing it with the 2 -splitting s gives us a map s = s o j : Ti, n /-Fo,n —> 
7 r n+ i(Xi) such that pr o s is a 2 -splitting of the short exact sequence 0 —> 
Fq u —> F\ n —•► F\nJF q 71 —> 0. This proves that on the level of 3-primary 
parts this extension is trivial, as claimed. 

□ 

§5.6 The spectral sequence for arbitrary (not necessarily 
prim) cusp maps 

There are classifying spaces for the cobordisms of codimension 1 coori¬ 
ented arbitrary (not necessarily prim) X^-maps as well. We denote by 
Xi = XS 1 ' the classifying space of such X 1 ‘-maps with the convention that 
A"_i = *. Here we will mostly be interested in Xq, X\ and The 

filtration A'_i C Ao C X\ C A 2 gives again a spectral sequence with 
Ej ■ = 7 Tj_|_j + i(Aj, Aj_i) for i = 0 , 1 , 2 , j = 0,1,.... Analogously to the 
fibrations p i we have fibrations 

• p\ : Ai -> TT(2e 1 © 7 1 ) = TS 2 RP°° with fibre X 0 

• p 2 : X 2 rT(3e 1 0 27 1 ) = T S 3 (MP°° /RP 1 ) with fibre Ai (for the 
identification of T( 27 1 ) and RP°°/RP 1 see e.g. [H, Example 1.7, ch. 
15]). 

Here 7 1 and e 1 are the canonical and the trivial line bundles over RP°°, 
respectively, and T stands for Thom space (recall that T = fl 00 ^ 00 ). Note 
that A 0 = A 0 = TS 1 . 

Observe that the base spaces of pi are different from those of p i . This 
change is due to the fact that while the normal bundles of the singular¬ 
ity strata for a prim map are trivial and even canonically trivialized (see 
Appendix 2), for arbitrary cooriented codimension 1 Morin maps they are 
direct sums of not necessarily trivial line bundles (see jRSzl Theorem 6 ] and 
the definition of G so that precedes it). The bundles 2 s 1 © 7 1 and 3e x © 27 1 
are the universal normal bundles in the target of the fold and cusp strata 
respectively. 
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Proposition 8. a) e\^c 2 . 

b) Ej ■ = e\j modulo C 2 for z = 0,2. 

Proof, a) Since Z p ) = 0 for p odd, the Serre-Hurewicz theorem 

implies that 7r*(MP°°) G C 2 and therefore 

E\ j “ 7r j+2 (r5 2 MP°°) = 7r|(MP°°) G C 2 . 

b) Since the inclusion S 2 = M.P 2 /M.P 1 <-)■ induces isomorphism 

of Zp-homologies (the groups P*(MP°°/MP 2 ; Z p ) all vanish) for p odd, 
we have 


P 2 P SS 7rj +3 (rS 3 (KP 0 7KP 1 )) ~ 7rj_|_ 3 (rS' 5 ) “ E\j. 

C2 


We also have Xq = Xq and consequently 


TTil 771^ 

h 0,3 - ,j- 


B 


§5.7 Computation of the cobordism group of (arbitrary) cusp 
maps 


Proof of Theorem [7} The natural forgetting map e]j —> Ej ■ induces a C 2 - 
isomorphism for i = 0,2, and E\ ■ G C 2 . Since the d 1 differential is triv¬ 


ial modulo C 2 for both spectral sequences, the map —> E 2 ■ is a C 2 - 

isomorphism for i = 0, 2. 

Hence the differential d 2 restricted to the 3-primary part can be identified 


= ( P 3 . 
' l iJ 


in the two spectral sequences, and we obtain that 
^ij'j for * = 0, 2 (but not for i = 1). The statement of the theorem 


follows analogously to Theorem [7J 


□ 


Appendix 1: an elementary proof of Lemma [3] 

In this Appendix we give an elementary and independent proof of the fact 
that the curve of folds on the boundary sphere of an isolated cusp map 
cr 2 : M 4 —> M 5 with the natural framing represents the trivial element in 
^ s (l) =Z 2 . 
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&2 ■ M 4 —y M 5 , <J 2 (tl,t 2 ,t 3 ,x) = (ti,t 2 ,t 3 ,tiX + t 2 x 2 ,t 3 x + x 3 ) 

'10 0 o' 

0 10 0 

dcr 2 =001 0 

x x 2 0 t,\ + 2 xt 2 
0 0 x t 3 + 3x 2 

The set of singular points of cr 2 is X = {(— 2xt 2 ,t 2 , —3x 2 ,x) \ t 2 ,x G M}, 
its image is £ = cr 2 (X) = {(— 2 xt 2 , t 2 , —3x 2 , —t 2 X 2 , —2x 3 ) | f 2 , x £ M}. 

For a point p e M 4 \ X the vector n(p) = (—x(t. 3 + 3x 2 ),—x 2 {t 3 + 
3x 2 ),x(ti + 2xt 2 ),t 3 + 3x 2 , — (ti + 2xf 2 )) is non-zero and orthogonal to 
the columns of dcr 2 , so it is a normal vector of the immersed hypersurface 
c 2 (M 4 \ E) C K 5 at cr 2 (p). 

X \ {0} is an embedded surface in M 5 , and it has a canonical framing: 
Through each point p = (—2xt 2 ,t 2 , —3x 2 ,x) 6 X \ {0} we can define a 
curve 

p £ = (— 2 xt 2 ,t 2 , —3x 2 - e 2 , x + s) 

such that po = P, yjy (0) = (0,0,0,1) G kerd(J 2 , and <x 2 ( p £ ) = <T 2 (p_ £ ) = < 7 ^ 2 , 
where 

q$ = (—2 xf 2 , i 2 , —3x 2 — 5, —t 2 (x 2 — S), —2x 3 + 2<5x). 

(Note that by taking this curve for each p we have defined an orientation of 
the kernel line bundle of dcr 2 .) 

The first vector of the framing is the tangent vector of the image curve 
QS- 

vi = ^( 0 ) = ( 0 , 0 , — 1 , t 2 ,2x). 

Since er 2 (p £ ) = a 2 (p- e ) = q £ 2, in this point we have defined two normal 
vectors of er 2 (M 4 \ X), namely 

n{p± £ ) = ie(— 6 x 2 — 2 e 2 , — 6 x 3 — 10 xe 2 , 2 xt 2 , 6 x, — 2 f 2 )+ 

+ £ 2 (-8x,-14 x 2 - 2s 2 , 2 1 2 , 2, 0). 

The sum and the difference of these vectors are 

n{p £ ) + n(p_ £ ) = 2e 2 (— 8 x, — 14x 2 — 2s 2 , 2 1 2 , 2, 0) and 

n(p £ ) — n(p_ £ ) = 2 e(— 6 x 2 — 2 e 2 , — 6 x 3 — 10 xe 2 , 2 xt 2 , 6 x, — 2 t 2 ). 
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The last two vectors of the framing are the limits of (the directions of) these 
vectors: 

V 2 = (—3x 2 , —3x 3 , xt' 2 , 3x, —£ 2 ) 
x 3 = (—4x, -7x 2 ,f 2 , 1 , 0 ) 

The following Claim implies that the framed curve <r 2 ( 7 ) is null-cobordant 
(recall that 7 = cr^ 1 (5 4 ) n £). 

Claim 2. There is a smooth embedding F : D 2 = {(t 2 ,x) \ t 2 + x 2 < l} —> 
M 5 and a framing of F(D 2 ) that extends <r 2 o * and the canonical framing of 
S \ {0} restricted to 07 o i(S' 1 ), where i : S 1 = {(t. 2 ,x) | t 2 + x 2 = l} —>• S, 
i{t 2 ,x) = (-2xt2,t 2 , -3x 2 ,x). 

Proof. We define such an T 1 and a framing: 

F(t 2 ,x) = (~2xt2,t2, -3x 2 , -t 2 X 2 ,2x(t% - 1 )) 
ui = (0,0, — 1, f 2 ,2x) 
u 2 = (3 — 3t 2 — 6x 2 , —3x 3 , xf 2 ,3x, —1 2 ) 
x 3 = (—4x, -7x 2 ,f 2 ,1,0) 

These are smooth, and in the case t 2 + x 2 = 1 they coincide with the 
previously defined map and framing. It is easy to check that F is injective. 
We need to prove that the differential of F is injective, and the vectors really 
form a framing, i.e. that the partial derivatives of F and v\,V 2 , x 3 are linearly 
independent. Equivalently, the following matrix should be non-singular: 


—2x 

1 

0 

—x 2 

4xt 2 

t'2 

0 

3x 

xt 2 

1 - A 

0 

0 

-1 

t '2 

2 x 

3f 2 — 6x 2 

—3x 3 

xt 2 

3x 

—t 2 

—4x 

—7x 2 

t2 

1 

0 


det M = 180x 8 + 568x 6 f 2 + 323x 4 t| + 120x 6 - 197x 4 fl + 8 x 2 t% + 3t^+ 

+ 51x 4 - 12 x 2 t\ - 24 + 24x 2 - 2^ + 3 
= 50(2x 2 i| — x 2 ) 2 + 6(xf 2 — x) 2 + 2(4 ~ h) 2 + 2 (t 2 — 1) 2 + 

+ 180x 8 + 568x 6 f| + 123x 4 t| + 120x 6 + 3x 4 f| + 2x 2 ^+ 

+ 4 + x 4 + 18x 2 + 1 

> 0. 

Therefore M is always non-singular, and the proof is complete. □ 
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Appendix 2: the natural framing on the image of 
the manifold formed by the E 1? -points of a coori¬ 
ented prim map 

Let us consider the map 

<r r : (R 2r , 0) -> (M 2r+1 ,0), 

(ti,. . . ,t. 2 r-l,x) !->• (t±, . . . , t2r-l, Z\, Z 2 ) 

Z 1 = t\X + • • • + t r x r 

Z2 = t r+ \X H- 1 - t2r-lX r ~ 1 + X r+l 

the Morin normal form of a map with an isolated £ lr -point at 0. De¬ 
note by A r+ i the set of (r + l)-tuple points, i.e. the points {q G M 2r+1 : 
a~ 1 (q) consists of r + 1 different points}, and let A be the closure of A r +i. 

Lemma 9. a) The set A is contained in the linear subspace V o/M 2r+1 of 
dimension r defined by the equations z\ = t\ = ■ ■ ■ = t r = 0. 

b) Identifying the r-tuple (t r+ i,.. .,^- 1 ^ 2 ) with the polynomial —Z 2 + 
t r+ \x + • • • + t 2 r-\x r ~ l + x r+1 , the points of A correspond precisely to 
the polynomials whose roots are all real. 

Proof, a) Assume that a r maps the r + 1 different points 

Pj = ( 4 J) > • • • > x j)>. 3 = !> ■ ■ • > r + 1 , 

to the same point 

q = (ti,... ,t 2r -i,zi, z 2 ). 

(7) 

Then necessarily t)f = ti for allz = 1,..., 2r — 1 and j = 1,..., r + 1. Since 
the points pj are pairwise different, the values x\,..., x r+ \ are also pairwise 
different. But they are roots of the polynomial 

—z\ + t\x + • • • + t r x r , 

which has degree at most r, hence this polynomial must identically vanish. 
Consequently we have z\ = ti = ■ ■ ■ = t r = 0 on A. r+ i and therefore also on 
A as claimed. 

b ) As in part a), in the preimage of A r+ i the coordinates x\,... , x r+ \ 
are the roots of the polynomial 

— Z2 T trylX + • • • + t2r—\X r ^ + X r ^. 
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This immediately implies part b ) since for any polynomial that corresponds 
to a point in A any sum-preserving perturbation of its (real) roots that 
makes them distinct gives a polynomial that corresponds to a point in A r +i. 

□ 


In the next lemma we describe A by identifying it with the orthant 

= {(tti,..., u r ) : Uj > 0 for all j = 1 ,..., r}. 

Moreover, we relate the natural stratification on V - where strata are sets 
of polynomials with the same multiplicities of the ordered roots - to that 
on where the strata are the faces. 

Lemma 10. A is homeomorphic to the orthantWf, and a homeomorphism 
p : -» A can be chosen to map the natural stratification ofWf bijectively 

onto that of A inherited from V , and to be a diffeomorphism from each 
stratum onto the corresponding stratum. 

Proof. For any point (u \,..., u r ) € M r define real numbers x \,..., x r +i in 
such a way that Xj+\ — Xj = Uj for all j = 1 ,..., r and Xj = 0 ; denote 

the resulting (injective linear) map u = (ui ,..., u r ) e->- x = (x \,..., x r+ i) 
by A. Using the identification of Lemmaklm), define tp : Wf —> A by sending 
(ui,... ,u r ) to the polynomial that has roots x\, ..., x r +\. This map is 
clearly a homeomorphism, we only need to show that p maps strata onto 
strata diffeomorphically. 

For computational reasons, we extend p to a map T : M r+1 —> M r+1 by 
mapping the point («i,..., u r , J) to the coefficients of the monic polynomial 
with roots x\ + ^-<5 ,... ,x r +1 + Then </?(u) can be identified with 

$(u, 0 ) and to prove our claim it is enough to show that T is a diffeomor¬ 
phism from the strata of Wf x M onto their images. It is clear that T maps 
the strata of x M homeomorphically onto their images, we only need to 
show that the rank of derivative at any point of an s-dimensional stratum 
is s. 

To do this, we write <F as the composition 


<k = E o A, 


where the linear map A is defined as 


1 


A(u, d) = -du 


r + 1 


(5,...,5) 
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and E : M r+1 -> M r+1 is the map whose jth coordinate function is the jth 
elementary symmetric function: 

E(x i, . . . , X r _|_i) — (ei(xi, . . . , X r _j_i ))•••) 6r+l (xi > ■ ■ ■ , 3V+1)) • 


The map A is a linear isomorphism, composing with it does not change the 
rank of the differential, therefore it is enough to show that the differential 
of E has maximal rank when restricted to the strata of x M). Note 

that these strata have the form 


S(a 1, • • • ,Q s _l) — {(xi, . . . , X r _|_i) . Xi — ' — %ai — 1 ^ 

— ‘ — 3^02 — 1 ^ 

^ 1 1 1 ^ %a s _\ — ' — ^r+l} 


for some s > 1 and an index set 1 < a\ < a 2 < ■ ■ ■ < a s ~i < r + 1 (so that 
in particular dimS'(oi,..., a s _i) = s). 

The following claim is easily proved by induction on r: 


Claim 3. The Jacobi matrix of E at the point x = 

(xi,. 

• j 3V+1) 


1 



1 


1 


ei(x 2 , • • • 

, X r _|_l ) . 

• ei(.. 

• i x j+ 1> • 

•) • 

. ei(xi,... ,x r ) 

J(x) = 

e 2 (:c2, • • • 

j x r+ 1) 

• e 2 (.. 

■ > x j —i > x j+ 1) • 

■) • 

. e 2 (xi,... ,x r ) 


e r {x2i ■ ■ • 

, X r -\-\ ) . 

e r (.. 

■ j x j —l > x j +1 ? • 

•) • 

e r (xi, • •., x r ) 


Its determinant is rii<j<j<r+i( x * ~ x i)- 

In particular, this matrix is nondegenerate if the Xj are pairwise different. 
To estimate the rank of the differential of E restricted to S{a \,..., a s _i) at 
a point x e S(a \,..., a s _i), notice that the columns of J(x) with indices i 
and j coincide if Xi = Xj, therefore rank dE{x) < s. On the other hand, the 
columns with indices 1, a\, ..., o s _i are linearly independent - the minor 
formed by the first s rows of these columns can be calculated to be nonzero 
in the same way as in Claim [3j Hence rankdE(x) = s and we get that the 
kernel of dE{x) is spanned by the vectors u* — Uj for those i and j for which 
Xi = Xj, where u i denotes the Ith unit coordinate vector. All these vectors 
are orthogonal to S(ai,..., a s _i), consequently their span is also transverse 
to 5(ai,..., o s _i) and hence the restriction of E to S(a \,..., a s _i) has full 
rank because its differential is the restriction of the differential dE to the 
tangent space of S(a \,..., a s _i). □ 
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Figure 1: The homeomorphism ip for r = 2. 


We want to show that A has a (homotopically) canonical parallelization. 
Clearly any homeomorphism ip that is a diffeomorphism on the strata does 
give a parallelization induced from But there are many possible choices 
of <p (even up to isotopy), and to obtain a parallelization along the whole A 
that does not depend on the choice of local coordinates we need to show that 
there is a canonical (unique up to isotopy) such choice. For this purpose it 
is enough to show that there is a canonical ordering of the 1-dimensional 
edges of A, because if p respects the ordering of the edges (and it can be 
chosen to do so), then it is isotopically unique. We shall consider oy as 
a prim map, namely the projection of the immersion (ti,..., t 2 r -i, x) H>• 
(oy(ii,... ,t 2 r-i,x),x) £ M 2r+2 . This gives an ordering of the preimages of 
multiple points: for an (r + l)-tuple point with preimages a\, ..., a r+ \ we 
assume that the indexing is such that i < j if and only if x(a.j) < x(a,j). 
If we choose a sequence (q n ) £ A converging to a point q £ A \ 0 that lies 
on a 1-dimensional edge, then the ay-preimages of the (r + l)-tuple points 
a r 1 (Qn) = { a \"\ • • ■, a |-+i} degenerate in the limit in the sense that there 
is an integer s, 1 < s < r and there are two different points a and a with 
x(a) < x(a) such that lima- = a for i = 1,..., s while lima- = a 

for * = s + 1,..., r + 1. Hence to each edge we can associate an integer s, 
1 < s < r, and thus we obtain an ordering of the edges of A. We choose the 
map ip in such a way that it respects the ordering of the edges. 

Note that any automorphism of oy as a prim map keeps the ordering 
of the edges of A. We call a pair (a, j3) of germs of diffeomorphisms a : 
(M 2r ,0) -y (M 2r ,0) and /3 : (M 2r+1 ,0) —> (M 2r+1 ,0) a prim automorphism of 
the prim germ ay = 7r o ay : (M 2r , 0) (M 2r+2 , 0) -» (M 2r+1 ,0) if in addition 

to being an automorphism of ay (that is, oy o a = ft o o r ) it preserves 
the selected orientation of kerda r (0), i.e. the partial derivative of the 2rth 
coordinate function of a with respect to x is positive (recall that y|f(0) = 0). 
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Let now g : M n M n+2 be an immersion, where M is a compact 
oriented n-dimensional manifold. Let / be the prim map / = it o g, with 
7 r : M n+2 —y M n+1 the projection that omits the last coordinate x n +2 in 
M n+2 . Suppose that / is a X-^-map, that is, it has no Xb points for j > r. 
The set of X lr -points of / will be denoted by X lr (/), or X for brevity. It is 
a submanifold of M of dimension n — 2r. Its image /(X lr (/)) (denoted by 
X) is an immersed submanifold in M n+1 and has codimension 2?’ + 1. We 
claim that X has a natural normal framing, unique up to homotopy. To 
simplify the presentation of the proof, we will suppose that X is embedded 
into M n+1 . 

There is an embedding 6 : X x (—e, e) M n+1 (for some small positive 

number e), unique up to isotopy, such that 

• 9(x, 0) = f(x ) for all x G X, 

• 6(x, t ) is an (r + l)-tuple point of / for all 0 < t < e. 

Choose any t* G (0,e) and denote by X* the image set #(X x {t*}). Clearly 
it is enough to give a canonical normal framing of X*. Let A r _|_i (/) denote 
the set of (r + l)-tuple points of / that lie in a tubular neighbourhood of X 
and let A r+ i (/) be its relative closure. There is a fibration A r+ i (/) —> X* 
with fiber A. 

The normal bundle of X* in M n+1 is the sum of its normal bundle in 
A r _|_i (/) and the restriction of the normal bundle of A r+ i(/) in M n+1 to 
X*. The latter bundle is trivial, because it is the sum of the trivial normal 
line bundles of the (r + 1) non-singular branches of / that intersect at the 
points of A r+ i(/) (and these branches have a canonical ordering by the 
last coordinate of g). The former bundle is trivial because there exists a 
canonical parallelization of A that is (homotopically) invariant under the 
prim automorphisms of oy. 

In general, when X is not embedded, we need to consider only the preim¬ 
ages of multiple points that are close to the singular points in the source 
manifold to make the same argument work. 

Alternatively, one can notice that the structure group of the bundle 

A r+ i(/) A X* can be reduced to the maximal compact subgroup of the 
group of automorphisms of ay that also respect the orientation of the kernel 
of doy, and that group is trivial |RSzj . Consequently the normal bundle 
of X* in A r _|_i(/) has a homotopically unique trivialization. We have seen 
above that the normal bundle of A r+ i(/) admits a canonical trivialization 
as well. Therefore we get a (homotopically unique) normal framing of X*. 
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Appendix 3: Proof of the Compression Theorem 

We first address the case k = 1, when we have an embedding i : M 
R n x R 1 . For brevity the unit normal vector field v\ will be denoted by v , 
the vector ei will be denoted by f and {, will be the vector —ei. We think 
of the direction of 0 x K 1 as vertical, and those in R n x 0 as horizontal. 
Case k = 1, n > m. 

Step 1 : construct a diffeomorphism \P G Diff(R n xR 1 ) in order to obtain 
the reparametrization i! = T o i such that 

• the image d'k(u) of v under the differential of \P - we denote it by 
w - is orthogonal to i'(M) and grounded, that is, w is never directed 
parallel to J,; 

• 'P is the identity outside a compact subset of R n x R 1 . 

We perform the construction by taking the flow f j of a vector field 0 on 
R n x R 1 and setting 'P = 'kg for a suitably chosen e > 0. Since m < 
n, the (normalized) image of v in the unit sphere S n has measure zero. 
Consequently, for almost every horizontal direction h G S 11 - 1 -G S n the 
arc {cos A • {, + sin A • h : A G [0,7r]} intersects the image of v in a null set 
according to the 1-dinrensional Lebesgue measure. Taking such an h, let R 
denote the rotation of R n x R 1 that turns h into and is the identity on 
the orthogonal complement of the 2-dimensional linear subspace spanned 
by {, and h. Let the vector field 6 be equal to the infinitesimal generator 
of R in a tubular neighbourhood V of i ( M ) and extend it arbitrarily to a 
smooth vector field on R n x R 1 that vanishes outside a compact set. For 
all sufficiently small e > 0 the time-e flow of the vector field 6 will keep the 
points of i(M) within the tubular neighbourhood V, hence the vector field v 
will be moved to R £ v and for almost all such e the rotated vector field R £ v 
will miss Note that the diffeomorphism T preserves the orthogonality of 
v and the tangent space of M (i.e. w _L i'(M)). 

Step 2: denote by b the inner bisector vector field (along i!(M)) of 
and w. Note that 

a) b nowhere belongs to the tangent bundle T(i'(M )); 

b) the scalar product (b, ■f) is everywhere positive. 

In this step we construct an isotopy G Diff(R n x R 1 ), t G R such that 

• Hq is the identity; 
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• for some to > 0 the image dE to (b ) of b under dE to is 

• E to+t (x) = E to (x) + t • t for all t > 0. 

We proceed like in jRSl . by extending the vector field b given on i'(M ) to a 
vector field b on M n x M 1 in such a way that b also satisfies (b, > 5 > 0 

everywhere for some 5 > 0 and b = ^ holds outside a tubular neighbourhood 
of Then Et is the 1-parameter family of diffeomorphisms generated 

by the vector field b. 

Step 3: construct another isotopy 0 t £ Diff(M n X M 1 ), t £ [0,1] (with 
0o the identity) that keeps i'(M) fixed pointwise and turns the vector w 
into b. First, we set w T , r £ [0,1] to be the vector field on i'(M) obtained 
by smoothly rotating w = wo into b = w\ along the shortest arc connecting 
them, staying constant in a neighbourhood of 0 and of 1, respectively. Since 
w is orthogonal to i'{M ) and b forms an acute angle with w, the vector field 
w T is not tangent to i'(M) for any r £ [0,1]. Consequently the map 

I T : M x [0,1] -> R n+1 

ip, S ) i'{p) + e T - s-w T ( i'ip )) 

is an embedding for every r for some e T > 0. 

By compactness of the interval [0,1] there is a common e > 0 such that 
I T is an embedding for all r with the choice e T = e. Then I T is an isotopy of 
embeddings of the cylinder M x [0,1] as r changes from 0 to 1. This isotopy 
can be extended to an isotopy of M n x M 1 , which we denote by 0^; since 
w T stayed constant in a neighbourhood of r = 1, we may assume the same 
property for 0*. The isotopy Qt can then be extended to all times t £ [0, oo) 
by putting = ©i for t > 1. 

Step 4: we compose the isotopies constructed in the previous steps: 

= 'F -1 o“,o0,oi 

We claim that for t sufficiently big this isotopy will turn the vector field v 
into the constant vector held Indeed, T sends v to w, for t sufficiently big 
0t sends w into b ; and E t sends b into t- Additionally, E t o0 t |j/( M ) = E t |jUM) 
moves the image of M at a constant nonzero velocity for t > to- In finite time 
it leaves the compact set where T differs from the identity map. Therefore 
'F -1 is the identity on the image of Et o 0^ o >F o i for t big enough. That is, 
the image of v under is eventually 

We need to show that the map (p, t) i —> 4> t{i(p)) is an immersion of 
M x [0, oo) into x M 1 . Let p £ M be an arbitrary point and consider 


Singularities and stable homotopy groups of spheres. I 


31 


the image of the ray p x [0,oo): it is the curve 'I' -1 ( Q t (T ( i(p ))))) = 

T -1 (S t ( <d t (i'ip))))- The isotopy &t keeps i'(p) fixed, and the curve 
is the trajectory of the point i'(p ) under the (time-independent) flow of 
the vector field b. The derivative of this trajectory at the starting point 
i'(p) is b(p), a vector linearly independent of r p \i' (M), hence the same 

independence condition holds for the images under E* at any time t > 0. A 
final composition with the diffeomorphism \k _1 keeps the condition intact. 

Case k = 1, n = m. Since M has no closed components, there is 
an (n — l)-dimensional compact subcomplex K in M such that for any 
neighbourhood U of K there is an isotopy qT, r G [0,1] of M that deforms 
M into U, i.e. = id,M and af (M) C U. The neighbourhood U will 
be chosen later and a T will denote the isotopy corresponding to that choice 
of U. 

We perform the compressing procedure (turning v to j") of the case n > m 
on the subcomplex K. The result is an isotopy such that for some to and 
for all t > to the equality d<&t(v) = j' holds on K and the restriction of the 
isotopy to the image i(V) of a neighbourhood V of K in M is an immersion 
of the infinite cylinder V x [0,oo). On the closure of some neighbourhood 
U C V of K in M the image will lie in the upper halfspace 

{z : (z, t) > 0}; this neighbourhood will be the one defining a T . We also 
consider the following extension a T of a T to the cylinder M x [0,1] in the 
ambient space M n x M 1 : 

a T (j>, s ) = i(a T (p)) + e ■ s ■ v(a T (p)) for p e M, s € [0,1] 

for an e > 0 small enough so that ao (and consequently every a T ) is an 
embedding, and extend it to an isotopy a T of 8" xM 1 , It can be supposed 
that a T is the identity outside a compact set B C M n x M 1 for all r. 

In the neighbourhood U we can again repeat the argument of [RSj from 
Step 2 by extending the vector field d<&t Q (^1 *({/)) to a vector field v on 
M n x M 1 in such a way that v satisfies (v, I") > 5 for some 5 > 0 everywhere 
and v = holds outside a tubular neighbourhood of $t 0 (i(I/)) (possibly 
disagreeing with the image of v under d&t 0 on <f>t 0 (?'(M) \ i(U))). The flow 
generated by the vector field v — ^ contains a diffeomorphism A for which 
g?(Ao $ to )(v|j([/)) = j" and (due to the construction) A is the identity outside 
a compact set B’. By increasing to and correspondingly shifting the domain 
of A we may assume that B' is disjoint from B. 

We can now define the isotopy 


32 


Cs. Nagy, A. Szucs and T. Terpai 


This isotopy will send v to t for t > to (for t > to the image <f>i(i(M)) 
is disjoint from B, hence a^ 1 is the identity near $t(i(M))), and being 
a reparametrization of ensures that the restriction of the obtained 

isotopy to i(M) is an immersion of the cylinder M x [0, oo) as required. 

Case k > 1. Here we perform the construction in two steps, first 
straightening out the vector field v\ and then utilizing the original Rourke- 
Sanderson compression theorem to the rest of the normal vector fields. In 
the first step we obtain an isotopy such that for some to and all t > to 
we have <E>f^(p) = $^(p) + (t — fo)ei and d$f^(ui) = ei, while the re¬ 
striction of the isotopy to i(M) is an immersion of the cylinder M x [0, oo). 
Then we apply [[RS, Multi-compression Theorem 4.5] ( [RSI Addendum (v) 
to Multi-compression Theorem 4.5] when n = rn) to the composition <3?^ o i 

and obtain an isotopy , t E [0, ti], such that it straightens the images 
of all the vector fields v\ , ..., Vk- By reparametrizing time we may assume 
that can be extended smoothly to all t E M as the identity for all t 
outside the original timespan [0, ti], and by multiplying the time-dependent 

generating vector field ^ by an appropriate bump function we may also 
assume that 1 ^ only moves points within a compact subset of x M fc . 
We define 

*«&,)= 

Rl-to(p) + (* - to)ei if t > to- 

This is an isotopy that straightens all the vector fields v±, ..., Vk, we only 
need to check that its restriction to i(M) is an immersion of the cylinder 
M x [0, oo). For times t < to this is already proven above in the k = 1 case, 
and for t > to we have 

9<S,(p) 

-aT = at +ei - 


nonvanishing exactly if the image of 


9^\p) 

dt 


avoids —ei. This latter condi¬ 


tion can be achieved by a linear reparametrization of time in (e.g. we 


( 1 ) . . 

can slow down ' so that the length of the derivative ^ becomes always 
less than 1). 

The relative version of Theorem [2] only requires adapting Steps 1 and 
2 of the proof. We shall again consider only the field v\, which we denote 
by v. If the vector field v is grounded {v / everywhere) then Step 1 can 
be skipped (setting T = zd K n xIR i) and no further change in the proof is 
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needed. If the subset {p e M : v(p) = 4 ,} is non-empty, then we need to 
modify the definition of the vector field 0 in Step 1 since its flow does not 
necessarily preserve v on L. We choose 6 to satisfy the following for some 
positive 6 < 7t/ 6 (Z stands for angle): 

• 6 is the infinitesimal generator of the rotation R (chosen as in the 
m < n case) on a neighbourhood of the set 

W = {p € M : Z(v(p), t) > 5}; 

• 6 = 0 outside a compact set; 

• 6 = 0 on i(L). 

While this 6 no longer preserves orthogonality, taking a sufficiently small e 
in the construction of T = 'Iu will make VH 

• preserve orthogonality on i(W)\ 

• change direction of all vectors by less than 5; 

• act as the identity on i{L). 

Hence the image of v under T (again denoted by w) will still miss 4- - at 
points in W the diffeomorphism 'k is the fixed rotation R £ and at points 
outside W a rotation of an angle less than 5 cannot turn them into the 
lower hemisphere {z G S n : ( 2 ,1") < 0}. On i(L) the vector fields v and w 
coincide. We now define the vector field b to be the inner bisector of ^ and 
w as in Step 2; once its property a) is verified, the rest of the proof will 
proceed without change (property b ) holds trivially). 

To check condition a) of Step 2 , first note that for any vector w 7 ^ 4- the 
new vector b forms an acute angle with w, hence the condition is satisfied 
on W, where w is orthogonal to M. Outside W the angle Z(w,f) is less 
than 25 since T changed all angles by at most 5. At these points the angle 
Z(b,w) is at most 5, hence b(i'(p)) and v(i(p)) form an angle of at most 
5 + 5 = 25 for all p e M. Since the tangent space of i{M) was also rotated 
by T by an angle less than 5, the vector field b and Ti'(M) form a strictly 
positive angle as required by condition a) since we chose 5 < n/Q. 
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